4D gravity on a non-BPS bent dilatonic brane 
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We investigate the localization of metastable four-dimensional gravity around a bent dilatonic 
brane, embedded into a five-dimensional space, that exists only up to distances sufliciently small 
compared to a crossover scale. Far from such scale, five-dimensional effects strongly deviate the 
Newtonian potential. We study this effect by considering localization of massive gravity on a non- 
BPS bent dilatonic 3-brane solution of a five-dimensional supergravity. Our results show that the 
cosmological Constant on the bent brane controls the size of the crossover scale. For sufficiently 
small positive cosmological Constant, that is in accord with the present observations, the crossover 
scale becomes very large. 



We follow the originai idea of Randall and Sundrum (RS) to consider suitable extensions to address the issue of 
localizing gravity in 'bent' braneworld scenarios In the RS scenario the five-dimensional gravity is couplcd to a 

negative cosmological Constant and a 3-brane sourced by a delta function. The solution in such setup is a symmetric 
solution given in terms of two copics of AdS§ spaces patched together along the 3-brane. Although in this setup the 
fifth dimension is infinite the volume of the 5D bulk space is finite because the geometry is warped. As a consequence 
this allows having graviton zero mode responsible for 4D gravity on the brane. This is not necessary true for spaces 
whose volume diverges, because no zero mode emerges anymore. This was first shown by Gregory-Rubakov-Sibiryakov 
(GRS) H and Dvali-Gabadadze-Porrati (DGP) [ff. The nice consequence of such an alternative setup is that 4D 
gravity on the 3-brane now emerges due to gravity massive modes and then is metastable. However, gravity massive 
modes can live long enough before escaping from the 3-brane to produce 4D gravity within a sufficient large scale — 
the crossover scale. In the present study we investigate such a scenario in a consistently truncatcd 5D supergravity 
E! i where the 3-brane appears as a non-BPS bent dilatonic solution [l2| ■ They are made out of solutions of first 
order equations that also satisfy Einstein equations. We shall focus on the bosonic sector with 5D gravity coupled to 
two real scalar fields [l7l . Il8j . In our investigations we are mainly interested on induced 4D gravity on specific bent 
dilatonic 3-brane solutions that can be embedded in an asymptotically 5D space with a diverging volume instead of 
asymmetric solutions [71-Hol. [l2| . Bent dilatonic brane solutions have naturally appeared in the supergravity context 
in four- [l2j and five-dimensions @, [II], EU ■ Localization of gravity in such branes has also been addressed in [l4l - fl(| 
where finite volume and other issues were considered. We shall focus on the infinite volume case, because they allow 
the possibility of metastable 4D gravity as first pointed out in the GRS Q| and DGP [f| scenarios. Because the 
five-dimensional space has an asymptotically infinite volume then no gravity zero mode emerges. However, just as 
in GRS and DGP scenarios, we also have found 4D gravity that lives long enough within the crossover scale. As we 
shall show below, the 4D gravity can last very much long as far as the cosmological Constant on the brane is positive 
and very small, as currently observed. Thus, as emphasized in GRS and DGP scenarios, we shall focus on the main 
beautiful characteristic of the 4D metastable gravity, that is the fact that whereas gravity becomes four-dimensional 
for distances very much smallcr than the crossover scale, it emerges as a five-dimensional gravity for distances very 
much larger than such scale. In doing so, we shall find the Newtonian potential induced by the gravity massive modes 
of a Schrocdinger-like equation for the gravity fìuctuations around the bent dilatonic 3-brane solution. 

Le us consider the bosonic sector of the supergravity action for spacetimes in arbitrary D-dimcnsions (D > 3) 
coupled to M real scalar fields given by @, [ll| 



S = 



2h 



D-2 



1 



(1) 



where n = 4-f is the D-dimensional Planck length, and the potential of the scalar fields are taken as 



Vtfi) = 2(D 



( dW 



(2) 



where W(<f>i) is the superpotential, and fa, i = 1,2, .., Af, are real scalar fields. 

Our present interest is looking for solutions from the equations of motion given by the action ([T]) with potential (0) 
describing braneworlds with cosmological Constant. Furthcrmore we also concentrate our attentimi to localization of 
metastable gravity 0, H| that manifests extra-dimensional behavior at large distances and four-dimensional gravity at 
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small distances. We end up concluding that the best solutions to gather these wholc characteristics are bent dilatonic 
branes. In searching for such solutions let us first employ the 'generalized Karch-Randall metric' [|| 

ds 2 D =e 2A ^dsf D _ 1) -dy 2 , (3) 
where e A ^ is the warp factor, fi, v = 0, 1, 2, D—2 are indices on the (D — 2) - brano. The line element of the bent 

'(£>-!): 



four-dimcnsional space-time, rfs 2 D _,>, can have the general form 



dsf D _ 1) = di 2 - c^* (dx\ + dx\ + ... + dx 2 D _ 2 ), (4a) 

dsfn^ = e -^ x o-»3 {di 2 - dx\ - ... - dxf D _ 3) ) - dx 2 [D _ 2) , (4b) 

for dS geometry (A > 0) or AdS geometry (A < 0). By using the action ([1]) with the metric we obtain the set of 
equations 

dV 

<j>'! + (D- 1)4$ - = 0, (5a) 



a " = -^y/ 2 - k ^ 2A ( 5b ) 



and 



(D - 1)(D - 2) \2 
which are solved by the following first order equations 

2k d - 2 



A l2 = — 2 ^ - (U' 2 -V) +Ae~ 2A , 



^ = - (D-l)(D-2) ^ + A ^)' (6a) 



3k d ' 2 fdW .. .dZ 
- (D-l)(D-2) [Wi + + ' ^ 



d v<t>i = , n TTTn o^ oT + + Z 3 )^ - ( 6b ) 



where Z = Z(<pi) (l8j | is a new and in principle arbitrary function of the scalar field, to respond for the presence of 
the cosmological Constant, a,, fi are real constants and we assume that the scalar fields only depend on the transverse 
coordinate y. We also make the transformation W —> W/[(D — 1)(D — 2)], with D = 5, in (|2|) and use units which 
n D ~ 2 = 2. This is to bc in accord with the model presented in Rcf . . 

The graviton modes on (D — 2) - branes are governed by a linearized gravity equation of motion in arbitrary numbcr 
of dimensions (D > 3) given by @, [TT| 



d M (V=99 M "d N $)=0, (7) 

where $ describes the wave function of the graviton on non-compact coordinates M,N = 0, 1,2, ...,D — 1. Let us 
considcr $ = h(y)ip(x^) info (J7|) and the fact that Do-if = m 2 ip, where Dd-i is the Laplacian operator on the 
tangent frame. 

Before starting to compute the massive graviton wavefunction let us address the problem of the van Dam-Vcltman- 
Zakharov (vDVZ) discontinuity. This problem states that in massive gravity at fiat spacetime, the limit m — » cannot 
reduce the massive propagator to the massless one because extra longitudinal degrees of freedom persists. However, 
as it has been shown in [ljl [20| this is not the case for massive gravity on 'bent' spaces such as AdS 4, and dS± spaces 
— see also 2l| for the dS^ case only. This is precisely the situation of massive gravity on bent 3-branes (for D = 5) 
presented above. To address the issue of vDVZ discontinuity one uses a ghost free Pauli-Fierz massive gravity that in 
our case is just the induced massive gravity on the D — 2-branc at y = (see paragraph with Eq. (|21[) below) 

\ ( d D - 1 x^W\{R-h) + ±, 



S {D -i) = j I d^x^WKR A) + - / d D - l xV\S\m 2 (h% ~ h 2 ), (8) 
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where we have defined ds 2 D1 ^ = g^dx^dx" as the mctrics givcn in (|4a|) and (|4b|) that corresponds to {D — 1) - 
dimensionai Einstein space backgrounds with R^ v = r^fz^ jfyw ^ s ma de out of the metric defined as g^ v = g^u + h^u, 
where ft.„„ are the fluctuations around the background g^ v . The four-dimcnsional lincarized Einstein equations (for 
D = 5) that follow from Eq. (|5|) by using transverse traceless gauge becomc Oih^v + 2Ah flL , — m 2 /i MI/ . The suitablc 

reduction of the massive propagator to the massless one is now controlied by the residue Res = at the physical 

pole [l9| . This enables us to show that there is no vDVZ discontinuity for spaces with cosmological Constant 

(positive or negative) as long as m 2 /A — > as m — > such that Res — > — 1 which corresponds to the structure of 
massless four-dimensional gravity. Notice that for A = (massive gravity in fiat space) Res — > — | regardless the value 
of the mass. This confirms that in our setup with 3-brane developing massive gravity there is no vDVZ discontinuity 
since our 3-brane is bent by a nonzero cosmological Constant. The vDVZ discontinuity is a pathology that plagucs only 
Minkowski spaces as in DGP case since the tensorial structure of the propagators in their four-dimcnsional massive 
gravity on the fiat brane does not allow to recover the four-dimensional massless limit Q ■ 
Thus, the wave equation for the graviton through the transverse coordinate y reads 

WfggMM) = -™v°l%). 0) 



This is our starting point to investigate graviton modes on the branes. Using the components of the metric (J3j) into 
the equation © we have 

\{D - l)d y Ad y h(y) + d 2 h(y) = -m 2 e~ 2A ^h(y), (10) 

which can be recast in a more familiar equation by changing the metric (j3]) in terms of the "z-coordinate" that leaves 
the metric in the conformally fiat form 

ds 2 D = e 2A{z \ds 2 {D _ l) - dz 2 ). (11) 

Now cmploying the changes of variables h(y) = ip(z) e ^ and z(y) = J e~ A ^dy, we can write the Schroedinger- 
like equation as follows 

-d 2 Mz) + V(z)i;(z) = m 2 ^z), (12) 

where the potential V(z) is given by [22[ 

VW-^A + ^W^ + ^A (13) 

Let us now examine the theory introduced by the action ([T]) , for five-dimensional gravity coupled to two real scalar 
fields, 4>i and <j> 2 . The presence of the cosmological Constant A on the brane makes the problem much harder than the 
case of a Minkowski four-dimensional spacetime, which is obtained in the limit A — > — this was already worked out 
in Q. In the case with cosmological Constant on the brane, each term of the scalar potential ([2]) is properly 'shifted' 
by the Z-function so that for D = 5 it is now given by [TU, [22[ 

V(<h.,<h) = l (W^ 1 +A(ai + /3)^J(W^+A(-3ai+/?)^ 1 ) 

o 

+ - (W^ + A(a 2 +j3)Z < f, 2 )(W < p 2 + A (-3a 2 + /3) - - (W + A/3Z) 2 , (14) 
o o 

and in order for the first order equations to satisfy the equations of motion we should impose the following constraints 

aiW^Z^j + ai^,^^, + 2«i A (ai + f3)ZfaZ$^ + -(ai + a 2 )W < p 2 Z c f >lc f >2 + 

1 4 

a 2 Z 4>2 W tj , ltj , 2 + -A(a 2 + p) (ai + 3a 2 ) Z^ 2 Z M2 - - a x Z^{W + AfìZ) = 0, (15a) 

a 2 W c f >2 Z c i >2< f >2 + a 2 Z ( p 2 W l j, 2 ^ 2 + 2a 2 A (a 2 + fi)Z^ 2 Z^ 2 + - (a 1 + a 2 )W ( f n Z < j >1< j )2 + 

1 4 
axZ^W^ + - A (ai + /3) (a 2 +3a 1 )Z 4>1 Z M3 - - a 2 Z^ 2 (W + A/3Z) = 0. (15b) 
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As solutions to the set of equations (|5ap ~ ()6b[) we use the Ansatz proposed in (l2j to find dilatonic domain watt solutìons 

A(y) = \n(l- Cl y), y>0 (16a) 

A(y)=ln(l-c 2 y), y<0 (16b) 

and 

Mv) = -p^yi Mv), (16c) 

We now chose a particular superpotential that satisfies the constraints (|15a|) and (| 15h>[) 

W = -3ac i, * +W2 , (17) 

where a, bi, 62, Ci, C2 are real constants — see also [25| for other superpotentials. We also chose a function Z = W, 
P = 0, cf = a 2 , CKj = a, fe 2 + 6| = | i+Aa ' sucn that the equations (|5a )) -(|6b j) are satisfied. The orbits, (f>2 — in 
the scalar field space, decouple the first-order equations and give us BPS dilatonic solutions. By using the proposed 
superpotential and this restrict set of parameters, the scalar potential is now given by 

V (0i, ^2) = -^(1 + Aa)a 2 e 2hl ^+ 2h2 ^. (18) 

The dilatonic solutions have the warp factors 

A(y)=]n(l + c iy ), y>0, (19a) 

A{y)=\n(l-c x y), y<0, (19b) 

and 'kink' profiles 



M») =~ 52^52 In (1 + ci y), y>0, (19c) 



i(y) = - b jTbJ ]n ^- Ciy ^ y<0 - (19d) 



These solutions are also known as scaling solutions and have well discussed in [261 ] and also very recently in [27 [. 
Although each 'piece of solution' (for y > or y < 0) is a BPS solution that also satisfies the equations of motion, we 
shall patch them together as follows 

A(y)=ìn(l + c 1 \y\), ^(y) = -^-^ In (1 + ci |y|), (20) 

to address the issue of localizing gravity on the dilatonic brane. These latter solutions are non-BPS regular solutions, 
and they connect the sanie vacua AW = W(</>j(+oo) — W(<f>i(— 00)) = 0. One should note that these solutions are 
consistcnt with delta function source on equations of motion since each piece of kink solutions can produce this terna 
by taking the 'thin wall limit' bij {b\ + ò 2 ) — > 00. 

Altcrnatively, this is equivalent to add a delta function at action ([1]) to source the brane that will be responsiblc 
for the localization of gravity at y = 0, i.e., 



S^S + aJ d»xV\g\6(y), (21) 

where a = 3ci is a positive brane tension — given in terms of with e — > [f| [l2| • Notice this term does 

not contribute to the solutions given by (|19c[) and (|19d|) for y > and y < 0, respectively, of the originai action ([TJ. 
Howcver, it does affect the boundary conditions on the brane. This has largely been adopted in four-dimcnsional 
dilatonic domain walls [l2j and embedded 'delta function sourced' 3-branes in five dimensions — see, e.g, the first 
reference. 
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Furthcrmorc, an cffcctivc negative bulk cosmologica! Constant takes place around the brane, because the potcntial 



(fT5| . written in terms of the superpotential, as a function of the kink profiles (|19c[) and (|19d[) approaches — |(l+Aa)a 2 , 
where we assume a, A > 0, though no such bulk cosmological Constant appears far (y — > ±00) from the brane. Thus, 
both the brane tension and such an effective negative bulk cosmological Constant around the brane play the role of 
localizing gravity 011 the brane. As such, our setup develops a similar mechanism to localize gravity as in both GRS 
and DGP scenarios with the exception that in GRS scenario [H on also uses another brane with negative tension that 
is responsible for ghosts. 

In order to investigate the existence of gravitational modes in the vicinity of the branes we employ the aforementioned 
change of variable which results in the conformally fiat metric (fTT|) to rewrite (|19a[) and (|19b[) to obtain the new form 

A(z) = Cl \z\ + l. (22) 

For D = 5, replacing (|22|) in (fì"3]) and (fì"2|) , we obtain the Schroedinger-like equation for the gravity fluctuations 
around the brane given by 

d 2 ( 9 9 \ 

-^lM*) + --A+-c 1 2 +3c 1 i(z)U m ( z )= m 2 t(z), (23) 

where m 2 is the four-dimensional mass which corresponds to the Kaluza-Klein modes. We have a Schroedinger 
problem for a modified delta potcntial barrier. For positive energies, the particles (e.g. bulk gravitons) are free to 
move in either half-space z < or z > and are scattered by the delta function potential at z = 0. Since we are 
intcrcsted into the correction terms to the four-dimensional Newton law between two unit masses on the brane, it 
is necessary to obtain the probability of gravity with KK-modes on the brane. These modes are given in terms of 
the scattering states governed by \ijj m (0) | 2 that depcnds on the magnitude of the transmission T or rcflection R 
coefncicnts. The jump condition at z = 0, 



+ 3 Cl ^ m (0) = 0, (24) 

z=0 



is obtained from the Schrocdinger-likc equation by using the propcrties of the delta function. Considering the general 
wave functions for scattered states gives 

Vw(z) = c^ z +Re- iKZ 7 z<0; 

Vv„ 2 M = Te lKZ , z>0. (25) 
where k 2 = m 2 + (9/4) A is the wave number. Then the probability density assumes the simplihed form 

, s,2 , ,9 (9A + 4m 2 ) k 2 , 
l^(0)l 2 = |T| 2 = i ; (9A + 4 j 2)fc2 , (26) 

where k 2 = and we have absorbed the second term of the Schroedinger potential into the cosmological Constant 
A-term. The correction to the four-dimensional Newtonian potential generated by the massive modes is given by [l[ 

V(r) = ^\M0)\ 2 + AV(r), (27) 

where the first term is contribution of zero mode and the second term corresponds to the correction term which is 
generated by the exchange of KK-modes. Since our problem has no zero mode, then 

7(r) = A7(r) = -5- / dm C - mr \^ m {0)\ 2 . (28) 



n 



Our analysis takes place in a single region, where we obtain the probabilities for existence of gravity with continuous 
mode on the brane at z = 0. Substituting (f2l>|) in (|28|). we can get approximately the form of AV(r) at a distance 
r. By using the relation Ei(za;) = ci(a;) + i [1/2 7r + si(x)], where ci(x) = — cos t/t = 7 + ln(x) + Ci(x) and 
si(x) = — sin t/t = Si(x) — the dominant term (as r becomes large but is stili much smaller than the crossover 
scale) is 



M5 3 ( . fi f{k)r\ n .(l f{k)r\ f 1 f (k)r\ f 1 f (k) 



v « = iTife l sin {2 J -nr ) Ci {2 J -nr ) ~ cos U T ) Si U T » » - (29) 



1 r 
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wherc / (k) = VIF + T. Let us now discuss the large and small distance behavior comparing with the crossovcr 
scale r c = k/f(k). For fìat branes f(k) — > 1 and then r c — > k since r c ~ 1/m we should also have k ~ 1/m. As we 
turn on the cosmological Constant, as in the case of bent branes, we find r c — k/f(k) ~ 1 / V A + rn 2 . This properly 
gives r c ~ 1/m as A - > and r c ~ I/VA as m 2 << A with A>0,m~l/fc. The latter limit is phenomenological 
interesting and clearly avoid the vDVZ discontinuity earlier discussed. Notice this asks a positive cosmological 
Constant on the brane. In the following we shall use the asymptotic forms: Ci(x) ~ 7 + ln(x) and Si(x) ~ x — tt/2 for 
a; « 1, Ci(x) ~ sin(x)/x and Si(x) ~ — cos(x)/x for x >> 1. 

For small distance, i.e., r/r c << 1, where 7 ~ 0.577 is the Eulcr-Masceroni Constant, we obtain the following forni 

As we expected, at short distances the potential has the correct 4D Newtonian 1/r scaling. This is subsequently 
modified by the logarithmic repulsion term in (|30|). 

Finally, for large distance, i.e., r/r c >> 1, the potential in Eq. gives 

M7 3 1 , x 

V(r) K ? , r » r c , 31 

V ' 2/(fc) r 2 r 2 ' ' V ; 

in accordance with the laws of 5D gravity 0, @. For a recent comprehensive review on modified gravity and 
cosmology see [23| . 

In summary, it is shown that the gravitational potential becomes the usuai Newton law (— > 1 fr) at short distance 
and five-dimensional law (— > 1/r 2 ) at large distance. This study showed that from a 5D supergravity theory with two 
scalar fields with standard dynamics the emergence of AD gravity on a non-BPS bent dilatonic brane exists even for an 
asymptotic 5D space with infinite volume, below a crossover scale, and the manifestation of extra dimensions does not 
necessarily occur only at short distances as commonly expected. The complete behavior is controlied by a crossover 
scale r c — see [24| for similar results and [28l-[3l| for related issues. This is also in accord with GRS and DGP scenarios, 
and now we have shown that r c is indeed related to the Hubble size given in terms of the cosmological Constant on the 
brane, i.e. r c ~ 1/y/A which implies a positive cosmological Constant what is in accord with the present observations. 
The 4D gravity can live long enough on the brane as far as such a positive cosmological Constant is very small. 

The authors would like to thanks CAPES, CNPq, CAPES/PROCAD/PNPD and PRONEX/CNPq/FAPESQ for 
partial support. 
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